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Abstract
We consider the mean curvature evolution of rotationally symmetric surfaces. Using
numerical methods, we detect critical behavior at the threshold of singularity formation
resembling the one of gravitational collapse. In particular, the mean curvature simulation
of a one-parameter family of initial data reveals the existence of a critical initial surface
that develops a degenerate neckpinch. The limiting flow of the Type II singularity is
accurately modeled by the rotationally symmetric translating soliton.
1 Introduction
Geometric evolution equations are diffusive (heat type) equations that describe the de-
formation of metrics on Riemannian manifolds driven by their curvature in various forms.
These deformations are naturally divided into two classes that correspond to intrinsic and
extrinsic curvature flows. The former class refers to deformations driven by the intrinsic
Ricci curvature tensor on a manifold, whereas the latter refers to deformations of sub-
manifolds embedded in higher-dimensional spaces evolving by their extrinsic curvature.
The field of geometric flows is a subject of interest in both physics and mathematics with
important recent advances allowing for further striking developments.
The understanding - and in many cases the mathematical classification - of the for-
mation of possible singularities along different flows has played an important role in the
progress of the field of geometric flows. The authors of [3], by numerically simulating
the Ricci flow of a specific one-parameter family of rotationally symmetric geometries on
S3 with a varying amount of S2 neckpinching, found critical behavior at the threshold
of singularity formation. According to their results, the Ricci flow for a critical initial
geometry, i.e., for the transition point between initial geometries on S3 which under the
volume normalized flow converge to a sphere and other initial geometries that develop a
singular neckpinch, evolves into a degenerate neckpinch. In addition, in [4] it was shown
that the limiting flow of the critical geometry is modeled by the Bryant Ricci soliton.
In this work we initiate the search for critical behavior of singularity formation of
extrinsic curvature flows. With the purpose of revealing a critical behavior analogues to
the one close to the threshold of black hole formation [1], [2], we perform a numerical
study of the singularity structure of closed rotationally symmetric surfaces evolving under
their mean curvature.
In order to investigate whether critical behavior is present in extrinsic curvature flows,
we follow a similar numerical approach to the one of [3, 4] adjusted to the mean curvature
flow. The plan of the paper is as follows: section 2 starts by briefly reviewing the mean
curvature evolution of surfaces of revolution and commenting on the classification of
their singularity pattern. Then, a one-parameter family of surfaces with a dumbbell-
like shape is introduced to be used in the current study. Emphasis is placed upon the
two-dimensional mean curvature translating soliton and its role in Type II singularity
formation. In section 3, the numerical results are presented. These results provide
strong evidence that critical behavior is indeed detected in the simulation of the mean
curvature evolution of the one-parameter family of initial data of our choice. The limiting
flow of a critical initial surface is shown to be accurately modeled by the appropriate
mean curvature steady soliton. Furthermore, in the same section, it is shown that the
critical surface develops a degenerate neckpinch at the final stage of its evolution. Where
appropriate, frequent references are made to existing mathematical results that formed
the original basis of the expectations for mean curvature critical behavior. Finally, section
4 presents both the conclusions and possible future research directions related to critical
phenomena of gravitational collapse.
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2 Mean curvature flow
A smooth n-dimensional hypersurface embedded in Euclidean space, ~X : Mn → Rn+1,
evolves by its mean curvature if the normal velocity of any point p ∈Mn, at the time of
evolution t, coincides with the mean curvature H(p, t) at that point,
∂ ~X(p, t)
∂t
= −H(p, t) nˆ(p, t) , (2.1)
where nˆ is the outer unit normal vector at ~X(p, t).1 In a local coordinate system the
metric and the second fundamental form induced onMt = ~Xt(M
n) are given respectively
by
gαβ(p, t) = ∂α ~X(p, t)· ∂β ~X(p, t) , (2.2)
and
hαβ(p, t) = −nˆ(p, t)· ∂2αβ ~X(p, t) , (2.3)
with 1 ≤ α, β ≤ n. The eigenvalues of the second fundamental form hαβ with respect
to the induced metric gαβ, usually denoted as κα, are the principal curvatures of the
hypersurface Mn. The mean curvature is given by the trace of the second fundamental
form H = gαβhαβ = κ1 + κ2 + . . . κn, and is related to the scalar curvature R according
to
R(p, t) = H2(p, t)− |A(p, t)|2 , (2.4)
where |A|2 = gαβgγδhαγhβδ = κ21 + κ22 + . . .+ κ2n.
In the following sections, and after first specializing on the particular surfaces of
interest, the differential equations that govern the evolution of the geometric quantities
just introduced are used. These are the time evolution equations of gαβ, hαβ and H (that
can be found in the introductory chapters of any textbook on mean curvature flow, e.g.
[5]),
∂ gαβ
∂t
= −2Hhαβ , (2.5)
∂hαβ
∂t
= ∆hαβ − 2Hhαγhγβ + |A|2hαβ , (2.6)
∂H
∂t
= ∆H + |A|2H , (2.7)
where the dependence of all quantities involved on p and t has been suppressed.
Under the mean curvature flow (2.1), a compact and closed hypersurface M0 of pos-
itive mean curvature embedded in Euclidean space gets extinct after a maximal finite
time T∗ subject to the bounds [6, 7, 8]
2
V(M0)2
A(M0)2
≤ T∗ ≤ diam(M0)
2
8n
, (2.8)
1The signs are chosen such that ~H = −Hnˆ is the mean curvature vector with the mean curvature of
a convex hypersurface being positive.
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given here in terms of the volume V(M0) enclosed by the initial n-dimensional hypersur-
face, its initial area A(M0) and diameter. In the course of its evolution the hypersurface
may possibly become singular at an earlier time T < T∗. In this case, the solution Mt of
the mean curvature flow (2.1) for the initial hypersurfaceM0 exhibits a singularity before
its collapse to one point (or possibly more), that is classified as Type I or II according
to the rate at which the maximal curvature Amax(t) = max
Mt
A(t) blows up as t → T . If
the maximal curvature can be shown to obey
Amax(t) ≤ C√
T − t , (2.9)
for some constant C < ∞, then Mt exhibits a Type I singularity. Otherwise, it is said
that a Type II singularity is forming as t→ T . Compared to the curve shortening flow,
note that singularities of the second type, or “slowly forming” singularities, do not occur
during the evolution of compact curves embedded on the Euclidean plane. The final stage
of such curves moving under their mean curvature is to become convex - if they were not
initially - and shrink to a point as circles [9]. Similarly, compact convex hypersurfaces
asymptotically converge to the self-similar round sphere solution and collapse to a point
of Rn+1 with the formation of a Type I singularity [10].
The prototype example of a flow that is commonly invoked to argue in support of
the possibility that an embedded hypersurface may become singular before it shrinks to
a point is provided by an appropriate dumbbell in R3, see for instance [11]. Consider a
dumbbell consisting of two large approximately round spheres connected by a sufficiently
thin cylindrical neck as initial configuration. Due to its large curvature, the neck pitches
and a singularity is formed before the two spheres have the chance to shrink considerably.
However, if the neck is not “very thin”, the dumbbell surface becomes convex in the
course of its flow and, in accordance to the standard theorem of [10], collapses to a single
point. An interesting intermediate scenario is also possible. There exist dumbbell-shaped
surfaces with just the right neck that shrink to a point without ever turning convex nor
loosing their neck under their mean curvature evolution. This specific class of mean
curvature flow solutions that exhibit precisely this degenerate neckpinching behavior is
the primary interest of the current work. The maximal curvature for these solutions does
not satisfy (2.9) for any finite constant C, thus the forming singularity at their collapse is
of Type II. The existence of such mean curvature flow solutions was originally suggested
by R. Hamilton [12]. He indicated that solutions with a maximal curvature blowing up
faster than the rate (2.9) can be produced by studying rotationally symmetric surfaces
that exhibit non-generic neckpinching. These solutions were investigated using level-set
methods initially in [7] and later in [12] where a proof of the Type II character of the
forming singularity was presented. A detailed study of the possible blow-ups of these
solutions can be found in [13] along with a piecewise construction of the corresponding
solutions.
It should be noted here that the above discussion refers to left-right symmetric
dumbbell-shaped surfaces, in accordance with the choice of surfaces to be investigated in
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the sequel. Reflection non-symmetric surfaces with an intermediate, or “critical” in the
nomenclature of the present work, initial data may also exhibit similar singular behavior
[12, 13]. This discussion can be easily generalized to hypersurfaces of dimension n ≥ 3
and/or more than one number of initial necks [12, 13]. As a final point, a reference is
made to [14] and [15] for the curve shortening evolution and Type II singularity formation
of planar or space not embedded curves.
2.1 Surfaces of revolution
In this work rotationally symmetric compact surfaces of a dumbbell shape are employed as
initial configurations to study the formation of Type II mean curvature flow singularities.
The expression that a generic dumbbell-shaped surface exhibits a pinch at some time T ≤
T∗ (see equation (2.8)) is used if, as t→ T , its neck pinches off leaving behind two “tear”
shaped components on either side of the neck. This work will not be concerned with the
subsequent evolution of these two separate components. For a rigorous presentation of
the generalized solution beyond the first singular time T using level-set flow methods,
see e.g. [7, 12, 16, 17] and for an update on surgery techniques see [18]. Next, the
essentials for describing the mean curvature evolution of a compact surface of revolution
are introduced and an adequate as well as simple set-up is provided to accomplish the
task of numerically revealing critical behavior in mean curvature flow.
A surface of revolution is produced by revolving a planar profile curve (generator)
about a line in R3 (the axis of revolution). For convenience, the profile curve is chosen
to lie in the xy-plane of R3 and the axis of revolution to coincide with the x-axis. Using
the principal patch of the standard parametrization of a compact surface of revolution
generated by a curve (x(u), y(u)),
X = x(u) , Y = y(u) cosφ , Z = y(u) sinφ , (2.10)
with φ ∈ (0, 2π) and u ranging in some finite interval, the induced area element has
components
guu = x
′(u)2 + y′(u)2, gφφ = y2(u), guφ = 0 , (2.11)
while the unit surface normal is
nˆ =
1√
x′(u)2 + y′(u)2
(y′(u),−x′(u) cosφ,−x′(u) sinφ) . (2.12)
The mean curvature H(u) of a surface of revolution is given by the sum of the principal
curvature of its meridians κu and the principal curvature κφ of its parallels
κu =
x′(u) y′′(u)− y′(u) x′′(u)
(x′(u)2 + y′(u)2)3/2
, (2.13)
κφ = − x
′(u)
|y(u)| (x′(u)2 + y′(u)2)1/2
. (2.14)
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The time evolution of a rotationally symmetric surface embedded in R3 under its mean
curvature
∂ ~X(u, t)
∂t
= −H(u, t) nˆ(u, t) , (2.15)
can effectively be encoded into the time evolution of the revolving planar curve that
generates it. This way, the mean curvature flow in R3 is reduced to a planar deformation
of a certain kind for the profile curve described as a graph form in the following subsection.
Under mean curvature flow, an initially rotationally symmetric surface M0 remains
rotationally symmetric in the course of its regular evolution Mt. The evolution of the
induced metric is dictated by (2.5) in terms of the mean curvature and the components
of the second fundamental form. More precisely, if the non-zero components of the two-
dimensional metric are denoted as
guu(u, t) ≡ S ′2(u, t) +R′2(u, t) , (2.16)
gφφ(u, t) ≡ R2(u, t) , (2.17)
then it can easily be verified that the flow equations (2.5) for the metric of a surface of
revolution can be described by the planar evolution
∂R
∂t
=
S ′(
S ′2 +R′2
)2 (S ′R′′ −R′S ′′)− S
′2
R
(
S ′2 +R′2
) , (2.18)
∂S
∂t
=
R′(
S ′2 +R′2
)2 (R′S ′′ − S ′R′′) + R
′S ′
R
(
S ′2 +R′2
) , (2.19)
for the two Cartesian coordinates R(u, t) = y(u, t) and S(u, t) = x(u, t) of the profile
curve that generates it.
In contrast to the case of the formation of Type I singularities, and to the best of our
knowledge, there exist no mean curvature flow solutions know in closed form that exhibit
a Type II singularity. This is also the case for the curve shortening flow of even planar
curves for which, apart from the homothetically contracting circle and the self-similar
solutions with intersections of [19], the set of compact known solutions is exhausted by
the oval-shaped solutions that appear in [11] (paper-clip model [20, 21]). The latter
class of solutions can be understood as the mean curvature flow analogue of the Ricci
flow Rosenau solution [22] (or sausage model [23]). At its final stage, this compact
embedded curve flowing under its mean curvature collapses to a single point while a
Type I singularity is formed. Due to the lack of existence of ancient mean curvature
flow solutions which can be followed until the occurrence of a Type II singularity, it is
necessary to turn to numerical methods to pursue the investigation of the formation of a
Type II singularity during the evolution of a compact surface of revolution. The initial
data is provided by the surfaces produced by the revolution of a particular family of
closed planar curves. The study can nevertheless be extended by incorporating different
families of surfaces with similar asymptotic behavior.
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The Cassini ovals are planar quartic curves that constitute a generalization of the
lemniscate of Bernoulli, and in that respect of the ellipse. A Cassini curve is described
as the locus of points for which the product of the distances to each of two focal points
separated by a distance 2a equals a constant b2. The corresponding Cartesian equation
is (
x2 + y2 + a2
)2 − 4a2x2 − b4 = 0 .
The shape of the Cassini ovals depends on the ratio λ = a
b
which will be denoted as shape
parameter from now on. Despite their name, these curves do not have an oval shape for
generic values of the shape parameter. For λ < 1 the curve is a single loop with an oval
or peanut shape, for λ = 1 the lemniscate curve is produced, while for λ > 1 they are
comprised of two disjointed loops.
λ = 0 λ < 1 λ = 1 λ > 1
Figure 1: Cassini curves for different values of the shape parameter λ.
The smooth surfaces of revolution produced by revolving the family of the Cassini
curves of a single loop with λ < 1 around their horizontal axis (Figure 1), provide us with
the initial data M0. Based on equations (2.18) and (2.19), the mean curvature evolution
Mt is followed without concerning if it is possible to be followed backwards in time to some
ancient solution. It should be noted that the resulting rotationally symmetric surfaces
are convex for λ ≤ 1√
2
and, as a consequence, the surfaces Mt evolving under their mean
curvature unavoidably shrink to a point by acquiring a spherical shape, within this range
of λ. On the other hand, the surfaces generated by Cassini curves with 1√
2
< λ < 1,
that constitute our variant of a dumbbell surface, may possibly pinch depending on the
precise value of the shape parameter λ. The detailed numerical evolution for our set-up is
presented in section 3, where it is shown that, for a critical value of the shape parameter,
the flow terminates with the occurrence of a degenerate neckpinch.
2.2 Effective one-dimensional flow and the translating soliton
A solution of the mean curvature flow (2.1) that exists for all time and moves by trans-
lation in Rn+1 is called a translating soliton. More generally, the interest in solitonic
solutions of various geometric flows is, among other reasons, due to the fact that such
solutions model the asymptotic behavior of developing singularities. Regarding the for-
mation of Type II singularities, recall the Bryant soliton as a limiting flow of a three-
dimensional Ricci flow solution exhibiting such a singularity; or the emergence of the
grim-reaper solution during the analogue scenario in the curve shortening flow [14, 15]2.
2For a treatment along these lines in relation to the two-dimensional cigar Ricci soliton see [24].
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The study of hypersurfaces moving under their mean curvature near a singularity us-
ing rescaling techniques [25] involves solitonic solutions. The relevant two-dimensional
translational solution for the mean curvature flow has been studied among other people
by the authors of [9, 13, 17, 25], with early numerical evidence for its existence that can
be traced in [26]. In [27] it was proven that there exists a convex, rotationally symmetric
solution translating under its mean curvature with any prescribed constant speed. Un-
fortunately, an explicit solution describing this soliton in closed form is not available in
the literature.
Referring back to the set-up of section 2.1, consider a planar evolving curve Γt(x, y)
that can be represented either as a horizontal graph y = y(x, t), or as a vertical graph
x = x(y, t). As long as the evolutionMt of the surface of revolution generated by rotating
Γ0(x, y) around the x-axis is regular, the mean curvature flow evolution (2.15) in R
3 is
dimensionally reduced to the planar deformation for the graph of the underlying curve
Γt(x, y) described either by the horizontal modified, in reference to the curve shortening
flow, graph equation
∂y(x, t)
∂t
=
y′′(x, t)
1 + y′2(x, t)
− 1
y(x, t)
, (2.20)
or equivalently by the corresponding vertical graph equation
∂x(y, t)
∂t
=
x′′(y, t)
1 + x′2(y, t)
+
x′(y, t)
y
, (2.21)
where prime denotes differentiation with respect to the corresponding spatial variable.
The last term of equations (2.20) and (2.21) captures the S1 extrinsic curvature of the
surface due to the revolution around the x-axis, and differentiates the resulting one-
dimensional flow from the ordinary curve shortening flow for the graph of its generator.
Within this effective description of the mean curvature evolution of a rotationally
symmetric surface by means of the flow equation of its profile curve (2.20) or (2.21),
a suitable presentation of the corresponding two-dimensional translating solitonic solu-
tion follows by considering the possible reparametrizations along this flow. By properly
introducing reparametrizations generated by a vector field ~ξ to take into account the
translational motion of the soliton (see for instance [20]), the mean curvature flow in R3
(2.15) acquires the form
∂ ~X
∂t
= −H nˆ+~ξ . (2.22)
This way, a vector field ~ξ = ~∂f(x, y) captures the rigid motion of a gradient soliton
that translates with a constant velocity c > 0 along the positive x-axis for f(x) = cx.
Denoting it as a horizontal graph y = ϕ(x), one easily verifies that it satisfies the ordinary
differential equation
ϕ(x)ϕ′′(x) = (1 + ϕ′2(x)) (1− c ϕ(x)ϕ′(x)) , (2.23)
with respect to the abscissa of the planar curve x, or its equivalent one following from
(2.21) when is preferable to consider a vertical graph. A numerical plot of the solution
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of (2.23) is presented in Figure 2, along with a 3D graphical illustration of the two-
dimensional mean curvature flow translating soliton. Alternatively, by canceling the
“freezing” effect of the reparametrization term in (2.22), the generator curve of the soliton
solution may be viewed as moving linearly in time along the x-direction with constant
speed c,
y(x, t) = ϕ(x+ ct) . (2.24)
Likewise, the profile curve that generates a translating solution along the y-axis, arises
by reversing the roles of the coordinates x and y and considering vertical graphs instead.
Furthermore, the sign of the velocity c selects the orientation of the translational solution
in both cases, distinguishing a soliton from an anti-soliton solution. In general, the
rotationally symmetric gradient soliton that is generated in this way, with any line of R3
as axis of symmetry along which it is translating with a non-zero finite velocity c, has a
“tip” at its intercept with that line and asymptotically opens to a hyperboloid.
2 4 6 8 10 12
1
2
3
4
5
(a)
y
x
(b)
Figure 2: The planar curve (a) that generates the “bowl” soliton (b) translating with
unit speed to the right.
A convenient way to describe the mean curvature of the soliton under investigation
is to introduce the slope of the curve that produces it via rotation. In general, the mean
curvature H of a smooth rotationally symmetric surface generated by revolving a profile
planar curve y(x) around the x-axis is related to the mean curvature of its generator
curve Hc as
H = Hc +
cosβ
y
, (2.25)
where β is the angle formed by the tangent at each point of the curve and the x-axis,
i.e.,
β = arctan y′(x) , (2.26)
when viewed as a horizontal graph. In terms of this angle, the mean curvature of the
soliton translating along the positive x-axis with velocity c acquires the simple form
Hsol = c sinβ with 0 ≤ β ≤ π , (2.27)
where the defining equation (2.23) was used. It is instructive to realize that the result
(2.27) coincides with the mean curvature of the translating soliton of the curve shortening
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flow on the two-dimensional Euclidean plane, the grim-reaper solution [20]. Put differ-
ently, the planar curve that satisfies (2.23) is such that the rotation around the x-axis
produces just the curvature required so that the generated non-compact soliton surface
has mean curvature, in terms of its slope, matching the one of its one-dimensional cousin.
The expression (2.27) for the mean curvature of the two-dimensional soliton, given here
in closed form in terms of the slope with respect to its axis of symmetry, corresponds to a
static solution of equation (2.7) when reparametrizations are taken into account. Equa-
tion (2.7) may in principle be used to study the stability properties of the rotationally
invariant translating soliton solution [28], along the lines of [20]. For completeness, in
Figure 3, the mean curvature of the soliton is presented as a function of the horizontal
distance from its tip. The inspection of this plot reveals that for the soliton (2.23), the
50 100 150 200 250
0.2
0.4
0.6
0.8
1.0Hsol
x
Figure 3: Mean curvature of the unit speed translating soliton in terms of the horizontal
distance from its tip.
mean curvature is everywhere positive, acquires its maximum value at the tip (β = π/2)
and monotonically dies off to zero (β → 0). This is in full accordance with a general
theorem stating that any eternal strictly convex solution of the mean curvature flow with
the mean curvature attaining a maximum value at only one point, must necessarily be
a translating soliton [29]. This is an important ingredient that goes into the study of
Type II singularities by means of rescaling techniques with the soliton solutions coming
into play as limiting flows, which will be discussed below. In passing, we note that mod-
ulo direction, orientation and translational speed, the soliton depicted in Figure 2 is the
unique two-dimensional translating soliton solution that can be generated by rotating
a horizontal with respect to the axis of revolution graph. It must be stressed though,
that other two-dimensional mean curvature flow translating solitons, not falling into this
category, do exist3.
3We thank G. Huisken for pointing out their existence and also clarifying their possible relation to
the formation of Type II singularities in the course of the mean curvature flow evolution of immersed
(hyper)surfaces (see also [30]).
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2.3 Rescaling the singularity
The asymptotic description of a mean curvature flow solution near a singularity of both
types, through the examination of sequences of rescaled solutions, involves the notion of
the so-called blow-ups. Consider the evolution Mt of a compact, smooth n-dimensional
hypersurface of positive mean curvature for t ∈ [0, T ), where T is the first singular time.
Let p0 be the point of MT at which the curvature becomes unbounded as t → T (the
blow-up point), and the forming singularity be of Type II. If for every integer k ≥ 1,
tk ∈ [0, T − 1k ] and pk ∈Mt, {pk, tk} is a sequence such that
H2(pk, tk)(T − 1
k
− tk) = max
t≤T−1/k, p∈Mt
H2(p, t)(T − 1
k
− t) (2.28)
then the sequence of the rescaled flows of ~X : Mt → Rn+1,
~X(k)(p, τ) = ǫk
(
~X(p, tk + ǫ
−2
k τ)− ~X(pk, tk)
)
for τ ∈ [−ǫ2k tk, ǫ2k(T − tk−
1
k
)] , (2.29)
where
ǫk = H(pk, tk) , (2.30)
converges smoothly to a mean curvature eternal flow. The limiting hypersurface is weakly
convex and has uniformly bounded mean curvature [8]. Section 3 provides numerical
evidence that the type II blow-up (2.29) of the mean curvature flow of the dumbbell-
shaped surface of revolution generated by the Cassini curve with shape parameter equal
to the critical value λc, with either of its two poles as blow-up point, converges to the
rotationally symmetric translating soliton (2.23).
In the same section, there is also a focus on the limiting flow of the central region of
the neck of the evolving surfaces where the pinching is observed for generic supercritical
values of λ. In [25] (but see also [31]) it was shown that the limiting flow of the parabolic,
or type I, blow-up of a rotationally symmetric shrinking neck converges to the cylinder
of radius
√
2. In terms of the profile curve that generates such a surface by rotation, this
amounts to
1√
T − t y
(
x√
T − t
)
→
√
2 as t→ T . (2.31)
The continuous rescaling (2.31) is relevant for the asymptotic description of the generic
neckpinch that occurs when the regular evolution of our supercritical surfaces comes to an
end with the formation of a Type I singularity. For the case of a degenerate neckpinching
a more refined rescaling is needed. This is provided in [13], and in terms of the profile
curve it has the form
y˜(x˜) =
√
2 +K Hmm(x)(T − t)m2 −1 +O
(
(T − t)m2 −1) as t→ T , (2.32)
with
y˜ = (T − t)−1/2 y and x˜ = (T − t)1/2 x , (2.33)
where Hmm(x) is m
th Hermite polynomial normalized such that the xm term has unit
coefficient. For a left-right symmetric surfaces of revolution, the integer m appearing in
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(2.32) is even and greater than two. Also, in that case, the numerical coefficient K is
determined based on the distance between the Type II singular point and the poles of
the surface.
3 Numerical investigation
In this section the results of the numerical simulations of the mean curvature flow of
the chosen one-parameter family of rotationally symmetric dumbbell surfaces in R3 are
presented. The initial configurations are provided by the compact surfaces of revolution
generated by revolving the one-component Cassini curves around their horizontal axis
of symmetry, as described in section 2. These are parametrized in terms of the shape
parameter, with 0 ≤ λ < 1. For small values of this parameter (“loose corsetting” relative
to a round sphere in the terminology of [3, 4]), even if the initial data is not convex, the
surfaces evolving under their mean curvature become convex and asymptotically approach
the geometry of the round two-sphere. In contrast, the dumbbell surfaces with large
values of the shape parameter λ (“tight corsetting”) do not loose their neck until their
evolution becomes singular with the development of a generic neckpinch at the center
of their left-right symmetric extend. The numerical simulation of the mean curvature
Figure 4: A generic dumbbell-shaped supercritical initial surface.
flow of such initial data with two kinds of possible asymptotic behavior depending on
the shape parameter λ, reveals the existence of a critical transition value λc ≈ 0.9076 for
which a degenerate neckpinch occurs. Unlike both subcritical (λ < λc) and supercritical
(λ > λc) initial surfaces, the smooth evolution of the dumbbell with λ = λc terminates
with the formation of a Type II singularity. Focusing on the flow of this critical initial
data, it is possible to verify that the critical surface in the course of its evolution becomes
increasingly cylindrical in the neighborhood of the initial pinching and that the mean
curvature blows up at its two poles. This is in full analogy to the critical flow of [3,
4] for the Ricci flow. It is valuable to stress that, at its very final stage, the critical
dumbbell surface collapses to a point but without turning convex until that time. The
close examination of the limiting flow, with either of the two poles as a blow-up point,
provides strong numerical evidence that it is modeled with high accuracy by the two-
dimensional translational mean curvature soliton (2.23).
The mean curvature evolution of this one-parameter family of surfaces is studied by
numerical means. One of the parameters of the Cassini closed curves that generate them
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is held fixed, b = 1, and the other one takes values in the interval [0, 1). This way, the
induced metric of the initial data is parametrized in terms of the scale parameter λ,
ds2 = T 20 (θ ;λ) dθ
2 +R20(θ ;λ) dφ
2 , (3.34)
where T 20 (θ ;λ) = S
′
0
2(θ ;λ) + R′0
2(θ ;λ) with 0 ≤ λ < 1 and 0 ≤ θ ≤ π. The metric
components are numerically evolved based on the mean curvature evolution equations
(2.18) and (2.19) for the two planar coordinates S(θ, t) and R(θ, t) of the profile curve as
functions of the angle θ and the evolution time t. Angular derivatives are approximated
by centered finite differences with an angular step size ∆θ = π/N , where N is the
number of angular grid points θi employed. As in [3, 4] the angular grid is augmented
by considering two external fictitious points θ0 and θN+1 on both of its ends. Periodic
boundary conditions are implemented by imposing the conditions S0(t = 0) = S1(0),
SN+1(0) = SN(0) and R0(0) = −R1(0), RN+1(0) = −RN (0) at the two poles. In order
to meet the need of increased accuracy close to the poles of the evolving surface (θ =
0 and θ = π), especially when approaching the forming singularity in time, variable
temporal step size is used when the differentiation with respect to time in (2.18) and
(2.19) is approximated by finite differences. Computer code was executed inMathematica
with up to 10,000 angular grid points. This was reduced by a factor of two when the
shape parameter of the initial surface was adjusted close to its critical value in order
to avoid numerical instabilities due to the stiffness of the simulated system of finite
difference equations. In general, the results of repeated runs of the computer code clearly
differentiate the asymptotic behavior of subcritical and supercritical initial geometries in
a well distinguishable way.
3.1 Critical flow and comparison with the soliton
As in [4], two complementary comparison methods are presented in order to confirm the
claim that the flow of the critical initial surface is asymptotically modeled by the mean
curvature translating soliton.
As a first examination approach, the geometry of an appropriate mean curvature
soliton solution is compared with the geometries near the left pole for a sequence of
supercritical initial geometries, with shape parameters approaching the critical value
λc, at the time of maximum curvature. The soliton’s speed parameter c (cf. section
2.2) is determined by requiring in each case the mean curvature at its tip to match the
maximum value of the mean curvature at the poles of the evolving dumbbell surfaces.
Note that during the mean curvature evolution of these surfaces, the maximum value of
the curvature at the poles is attained when a generic neckpinch occurs at their center
rendering any evolution thereafter singular. A comparison is presented in Figure 5, where
the profile curve that generates the corresponding soliton (solid line) is plotted against the
profile curve that, by revolution, produces the final phase of three different supercritical
initial geometries while their neck is pinching (dashed lines) versus the horizontal distance
from their left pole up to their center. Due to the unequal spatial extend of the dumbbells
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at this singular time, three separate graphs are depicted. Note that the translational
speed parameter of the soliton increases from left to right. By inspection of this set of
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Figure 5: The profile curve for three supercritical surfaces at pinching (dashed lines)
compared to the soliton curve (solid lines). Only the part from the left pole up to the
center is depicted and λ1 = 0.94, λ2 = 0.93, λ3 = 0.92.
graphs, it is clear that as the shape parameter λ of the initial data decreases towards the
critical value, the surface near the pole of the final stage of the singular dumbbell tends to
approach the surface of the corresponding mean curvature soliton solution. Recall that,
in this comparison test, no magnification of the dumbbell’s surface has been performed
during its evolution. The accuracy of the polar modeling of the dumbbell by the soliton
increases for initial data corresponding to slightly supercritical shape parameter values.
Evidently, owing to the reflection symmetry of the family of the initial configurations, a
similar behavior is observed when the flow close to the right pole is examined.
In order to obtain an accurate description of the critical flow corresponding to an
initial data with a critical shape parameter value λc, a second comparison analysis is
performed. This time, a choice for a critical initial surface is made with shape parameter
as close to its critical value as permitted by the numerical determination of λc. The
flow of the dumbbell with λ ≃ λc is simulated and it is observed that the maximum
curvature at the poles increases along the flow of this close to critical initial surface. It
eventually diverges when λ is fine-tuned, as attainable, to be critical. Next, a sequence
of times approaching the time of singularity formation is considered. For each chosen
instant of evolution time, the blow-up geometry as specified in section 2.3 is determined,
with one of the two poles as blow-up point. This way the rescaled dumbbell surface has
maximal curvature at the left, for example, pole equal to one. This is repeated for the
remaining subsequent time instances of the critical flow. The results of this procedure are
graphically demonstrated in the following figures. In Figure 6, the blow-up of the profile
curve for six different times of the evolution of the “critical” initial surface are plotted
in comparison with the profile curve that generates the mean curvature steady soliton
(solid line) corresponding to a translational speed of unit value to the right, in terms of
the horizontal distance from the tip of the soliton. It is observed that the rescaled curves
near the pole approach the profile curve of the unit speed soliton solution with increasing
agreement along the flow of the critical surface. The presentation of the results of this
simulation is supplemented by the graphical comparison of the mean curvature near the
poles for a sequence of rescalings of the critical flow to the mean curvature close to the tip
of the steady soliton of Figure 7. The simulated mean curvature for subsequent instances
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Figure 6: A sequence of subsequent rescaled profile (dashed) curves along the critical flow
with time increasing upwards compared to the unit speed soliton profile (solid) curve.
of time is plotted as a function of the radial distance and excellent agreement with the
mean curvature of the soliton is detected at later times.
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Figure 7: Mean curvature near the pole of the rescaled critical surface for six subsequent
times ti compared to the mean curvature of the soliton (single solid line).
The results of both of the above described comparison tests provide convincing evi-
dence that the limiting flow of the critical initial geometry lying at the “transition point”
of our one-parameter family of initial surfaces, with different mean curvature asymptotic
behavior on both sides, is accurately modeled by the translating soliton of section 2.
3.2 Degenerate neckpinching
The accurate modeling of the polar flow by the surface of the appropriate gradient soliton
strongly supports the identification of the singularity along the critical flow as a Type
II. A supplementary verification may also be produced through the detailed study of the
limiting flow, not close to the poles, but close to the center of the evolving critical surface
instead. The occurrence of a mean curvature flow degenerate neckpinch can indeed be
confirmed through its asymptotic description.
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Certainly, the decisive factor of the classification of a mean curvature singularity is
the blow-up rate of the maximal mean curvature. Based on the results of [13], the mean
curvature of the singular point of a rotationally symmetric surface has a limiting form
H =
(
ξ
m
+O(1)
)
(T − t)1/m−1 as t→ T , (3.35)
where for the case of a left-right symmetric surface m is a positive even integer and ξ
a constant determined by the distance of the poles of the surface from its center at any
instant of time close to the singular time T . In the case of a Type II singularity, the
divergence of the mean curvature at the pole of a surface of revolution with one neck is
expected to be reproduced by the expression (3.35) form = 4. On the other hand, a Type
I singularity corresponds to m = 2 in agreement with the rate (2.9). Referring to the
numerical simulations, recall that the evolution of all supercritical initial data becomes
singular with the occurrence of a generic neckpinch at their center (x = 0). According to
[13] (section 9), the asymptotic shape of the curve that produces this generic neckpinch
by rotation, while a Type I singularity is formed, is described by
y(x, T ) = K
|x|√
log 1|x|
, (3.36)
where again the constant K is determined by the distance of the poles from the center
and T is the singular time. In Figure 8, a graphical comparison of the limiting shape of
the central region of the profile curve for a typical supercritical surface and the generic
pinching (3.36) is presented. Adequate agreement is observed as x → 0. Moreover, the
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Figure 8: The cusp singularity of a generic neckpinch for λ = 0.96; one every 100 grid
points is depicted out of 10,000 used in total for the simulation. On the right the mean
curvature of the center point (solid line) is compared to the asymptotic expression (3.35).
Type I characterization of this singularity is also confirmed by the second graph of the
same figure, where the mean curvature of the central point is compared to the limiting
blow-up rate (3.35) with m = 2. In both graphs, the comparison is extended beyond the
expected agreement.
A direct numerical verification of the formation of a Type II singularity at the final
stage of the critical surface based on the expected blow-up rate (3.35) is essentially
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impossible for two reasons. First of all, for the one-parameter family of initial geometries
selected here, a degenerate neckpinching occurs for a single value of the shape parameter
λ. As a consequence, the numerical distinction between different blow-up rates (3.35)
with m = 2 and m = 4 requires an input of very high precision for the critical value
λc. Second, numerical implications due to the left-right symmetry of the surfaces used in
the present set-up also prevent such a resolution. Specifically, the coefficient ξ in (3.35)
acquires a vanishing limiting value, since the critical surface collapses to a point as the
singularity of the second type is formed.
However, numerical evidence in favor of the occurrence of a degenerate neckpinch
along the critical flow may be produced by examining the asymptotic shape of the central
region of the critical surface. This is achieved by considering a sequence of subcritical
initial surfaces with shape parameter close to the critical value and focusing on their
central region. During their mean curvature evolution these surfaces remain non-convex
until a time just before their collapse. The fine examination of the asymptotic central
shape of these slightly subcritical surfaces just before they turn convex and shrink to a
point soon after, reveals a match to the degenerate neckpinching of equation (2.32). In
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Figure 9: A simulation of the degenerate neckpinch for λ = 0.9076 with one every 50 grid
points depicted out of a total 5,000 in comparison with the blow-up of the curve (2.32).
Figure 9, the central part of the curve that generates such a surface of revolution close to
its extinction time T is compared to the blow-up of the degenerate neckpinch (solid line)
described by equation (2.32). This plot depicts the generator curve at t = 0.99T (i.e., a
vertical magnification factor of the order ≈ 50) with initial shape parameter λ = 0.9076.
In this case, improved agreement is detected as the critical shape parameter is approached
from below, to the extend permitted by the numerically determined value of λc, and at
later time. This supports the claim that the critical initial surface evolves at its final
stage into a degenerate neckpinch. Actually, this reasoning can be inverted and used to
improve the numerical value of λc by demanding accurate modeling of the limiting form
of the central region by equation (2.32) for the critical surface at the extinction time. A
precise determination of the critical value of the shape parameter based on non-numerical
alternative methods would in general be very helpful.
This presentation of the numerical results concludes with a graphical representation
of the dependence of the mean curvature maximum value at the poles of the family
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of initial surfaces on the shape parameter λ. For all supercritical surfaces, the mean
curvature at the poles attains its maximum value at the occurrence of a generic pinching
at their center. These values are depicted in Figure 10 for the supercritical range of the
shape parameter. It is observed that the mean curvature maximum value increases as the
shape parameter decreases. The depicted divergence as the critical value is approached
from above is attributed to the Type II singularity of the degenerate neckpinch. The
numerically extracted values are reproduced by an expression of the form
Hpole = Λ0 (λ− λc)−n , (3.37)
where Λ0 is a constant that depends on the choice of the one-parameter family of initial
surfaces. For the surfaces of revolution generated by the Cassini curves, the value of the
mean curvature at the poles of the surface of revolution generated by the lemniscate curve
(λ = 1) may be used as an input. The simulation of the mean curvature flow of this family
of initial surfaces parameterized by λ suggest a value n ≈ 1.26 for the “critical exponent”
of (3.37). It must be stressed though, that this numerical value highly correlates with
the value used for λc.
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Figure 10: Maximal mean curvature of the poles as a function of the shape parameter.
4 Conclusions and outlook
In this work we have performed a numerical study of the mean curvature evolution of
two-dimensional surfaces of revolution of a dumbbell shape4. We considered a specific
one-parameter family of initial reflection symmetric surfaces generated by revolving the
Cassini curves around their axis of symmetry. By simulating the mean curvature flow of
this family of initial data, parametrized in terms of the shape parameter λ of the Cassini
4For an early computer study of a collapsing dumbbell under mean curvature flow, that motivated
investigations of developing singularities before a generic embedded surface shrinks to a point [9], see
[32].
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curves, we succeeded in revealing a behavior in the emerging singularity pattern that
resembles the critical behavior of gravitational collapse. In particular, all initial surfaces
with a shape parameter less than a critical value λc collapse to a point in finite time
by acquiring spherical shape. On the other hand, the evolution of the initial dumbbell
surfaces with supercritical shape parameter becomes singular with the formation of a
generic neckpinch at their center. The fine examination of the flow of the critical surface
allows for the detection of the occurrence of a Type II singularity. Compared to the
approach of [3, 4] on Ricci flow critical behavior, we note that in the present work a
normalized variant of the mean curvature flow was not employed. The area preserving
flow of [25], or the modified flow [33] that preserves the enclosed volume, could have
been incorporated into our study without altering its results. The use of the ordinary
(unnormalized) mean curvature flow permitted a direct comparison with the results of
[13] on Type II mean curvature singularities and allowed for a numerical verification
of the formation of a degenerate neckpinch at the final stage of the flow of the critical
surface.
The numerical results of the mean curvature simulation of the rotationally symmetric
family of our initial surfaces provide strong evidence that the polar critical flow is accu-
rately modeled by the rotationally invariant translating soliton solution (2.23). We are
able to extend this study by incorporating the simulation of different families of initial
compact rotationally symmetric surfaces, including the one used in [3] and [4]. In all cases
examined, mean curvature flow critical behavior is in general observed together with the
occurrence of a degenerate neckpinch. Critical behavior is also detected by direct numer-
ical simulations of initial configurations which are not left-right symmetric. In this case,
the part of the surface on one side of the degenerately collapsing neck shrinks to zero
size while a Type II singularity is formed. In addition, a similar behavior is observed for
initial data with more than one neck without any clear evidence of coalescence. Further
studies are nevertheless required before any universality claims a` la Choptuik can be
made about critical behavior at the threshold of mean curvature singularity formation.
A relevant future direction of investigation would be to consider the evolution of non-
rotationally symmetric surfaces within the framework of the current study. This is a very
challenging and difficult task. As an alternative direction, we suggest the investigation of
whether critical behavior is present in the mean curvature evolution of torus-like initial
configurations, as opposed to the dumbbell-like examined in this work ([31] may turn
out to be helpful in this respect). If critical behavior is detected for this alternative
class of initial mean curvature data, the comparison of the corresponding critical limiting
flow with the one of the degenerately collapsing critical dumbbell of the present work
may reveal the mean curvature analogue of the scale coordinate of gravitational critical
phenomena [1, 2].
Mean curvature flow is the basic example of an extrinsic curvature flow. Critical
behavior and similarities with Choptuik scaling can be sought for other extrinsic flows.
Taking into account the important role of the inverse mean curvature flow in the proof of
the Riemannian analogue of the Penrose inequality of general relativity [34], we believe
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the investigation of critical behavior of this flow deserves an independent study. Such
a study can motivate the introduction of the appropriate functionals with power-law
scaling even for the mean curvature flow and may also provide a direct link between
critical behavior at the threshold of singularity formation of curvature flows and critical
behavior at the threshold of black hole creation.
An essential ingredient of the presentation of our study was the translating mean
curvature gradient soliton that deserves further consideration. Anticipating the role of
the grim-reaper (hair-pin) solution, as the curve shortening flow translating soliton, in
the construction of integrable quantum field theories of boundary interactions [21], and
also, the role of translating solitons in the level-set approach of the mean curvature flow
[17] we indicate that work is in progress towards finding the proper placement of this
solitonic surface within the context of boundary conformal field theory. Finally, also
interesting is the investigation of generalizations of this solitonic solution for non-flat
ambient spaces [20] and/or in the presence of anti-symmetric tensor fields, motivated by
string theory [35, 36], that may influence the structure of singularity formation.
Acknowledgements
The research of C.S. is partially supported by a I.K.Y. funding for postdoctoral research
by the Greek government. Numerous discussions with Ioannis Bakas on geometric flows
have been very helpful and inspiring. We want to thank the organizers of “Field Theory
and Geometric Flows” workshop in Munich, November 2008, for providing a stimulating
atmosphere that motivated this work, and J. Isenberg for explaining aspects of his work.
19
References
[1] M. W. Choptuik, “Universality And Scaling In Gravitational Collapse Of A Massless
Scalar Field,” Phys. Rev. Lett. 70 (1993) 9.
[2] C. Gundlach, “Critical phenomena in gravitational collapse,” Phys. Rept. 376 (2003)
339 [arXiv:gr-qc/0210101].
[3] D. Garfinkle and J. Isenberg, “Critical behavior in Ricci flow,” in “Geometric Evo-
lution Equations”, eds. Shu-Cheng Chang, Ben Chow, Sun-Chin Chu, Chang-Shou
Lin, Contemporary Mathematics 367 (2005) 103, American Mathematical Society,
[arXiv:math/0306129].
[4] D. Garfinkle and J. Isenberg, “The Modelling of Degenerate Neck Pinch Singularities
in Ricci Flow by Bryant Solitons,” arXiv:0709.0514 [math.DG].
[5] K.A. Brakke, “The motion of a surface by its mean curvature”, Mathematical Notes
vol. 20, Princeton University Press, Princeton 1978; K. Ecker, “Regularity theory for
mean curvature flow”, Progress in Nonlinear Differential Equations and Their Appli-
cations, vol. 57, Birkha¨user, Boston, 2004; X.-P. Zhu, “Lectures on mean curvature
flows”, Studies in Advanced Mathematics, vol. 32, International Press, Somerville,
2002.
[6] Y. Giga and K. Yamaguchi, “On lower bound for the extinction time of surfaces
moved by mean curvature,” Cal.Var. 1 (1993) 417.
[7] L.C. Evans and J. Spruck, “Motion of level sets by mean curvature I,” J. Diff. Geom.
33 (1991) 635; “Motion of level sets by mean curvature III,” J. Geom. Anal. 2 (1992)
121.
[8] G. Huisken and C. Sinestrari, “Mean curvature flow singularities for mean convex
surfaces,” Calc. Var. 8 (1999) 1.
[9] M.A. Grayson, “The heat equation shrinks embedded plane curves to round points,”
J. Diff. Geom. 26 (1987) 285; “A short note on the evolution of a surface by its mean
curvature,” Duke Math. J. 58 (1989) 555.
[10] G. Huisken, “Flow by mean curvature of convex surfaces into spheres,” J. Diff. Geom.
20 (1984) 237.
[11] S. Angenent, “Shrinking doughnuts,” in “Nonlinear Diffusion Equations and Their
Equilibrium States, 3”, eds. N.G. Lloyd, W.M. Ni, L.A. Peletier and J. Serrin,
Birkha¨user, Boston, 1992.
[12] S. Altschuler, S. Angenent, and Y. Giga, “Mean Curvature Flow through Singulari-
ties for Surfaces of Revolution,” J. Geom. An. 5 (1995) 293.
20
[13] S.B. Angenent and J.J.L. Vela´zquez, “Degenerate neckpinches in mean curvature
flow,” J. Reine Angew. Math 482 (1997) 15.
[14] S. Angenent, “On the formation of singularities in the curve shortening flow,” J.
Diff. Geom. 33 (1991) 601.
[15] S. Altschuler, “Singularities of the curve shrinking flow for space curves,” J. Diff.
Geom. 34 (1991) 491.
[16] Y. G. Chen, Y Giga, and S. Goto, “Uniqueness and existence of viscosity solutions
of generalized mean curvature flow equations,” J. Diff. Geom. 33 (1991) 749; L. C.
Evans, H. M. Soner, and P. E. Souganidis, “Phase transitions and generalized motion
by mean curvature,” Comm. Pure Appl. Math. 45 (1992) 1097.
[17] T. Ilmanen, “Elliptic regularization and partial regularity for motion by mean cur-
vature,” Mem. Amer. Math. Soc. 108 (1994) 520.
[18] G. Huisken and C. Sinestrari, “Mean curvature flow with surgeries of two–convex
hypersurfaces,” Inventiones Mathematicae 175 (2009) 137.
[19] U. Abresch and J. Langer, “The normalized curve shortening flow and homothetic
solutions,” J. Diff. Geom. 23 (1986) 175.
[20] I. Bakas and C. Sourdis, “Dirichlet sigma models and mean curvature flow,” JHEP
0706 (2007) 057 [arXiv:0704.3985 [hep-th]].
[21] S. L. Lukyanov, E. S. Vitchev and A. B. Zamolodchikov, “Integrable model of
boundary interaction: The paperclip,” Nucl. Phys. B 683 (2004) 423 [arXiv:hep-
th/0312168].
[22] P. Rosenau, “Fast and super-fast diffusion processes,” Phys. Rev. Lett. 74, (1995)
1056.
[23] V. A. Fateev, E. Onofri and A. B. Zamolodchikov, “The Sausage model (integrable
deformations of O(3) sigma model),” Nucl. Phys. B 406 (1993) 521 [FS].
[24] P. Daskalopoulos and N. Sesum, ”Type II extinction profile of maximal solutions to
the Ricci flow in R2,” arXiv:math/0606288.
[25] G. Huisken, “Asymptotic behavior for singularities of the mean curvature flow,” J.
Diff. Geom. 31 (1990) 285.
[26] A. Stone, “The mean curvature evolution of graphs,” Honour’s Thesis, ANU 31
(1989).
[27] S.J. Altschuler and L.F. Wu, “Translating surfaces of the non-parametic mean cur-
vature flow with prescribed contact angle,” Cal. Var. 2 (1994) 101.
21
[28] J. Clutterbuck, O.C. Schnurer and F. Schulze, “Stability of translating solutions to
mean curvature flow,” Cal.Var. 29 (2007) 281 [arXiv:math/0509372].
[29] R. Hamilton, “Harnack estimates for the mean curvature flow,” J. Diff. Geom. 41
(1995) 215.
[30] Xu-Jia Wang, “Convex solutions to the mean curvature flow,”
arXiv:math.DG/0404326.
[31] H. M. Soner and P. E. Souganidis, “Singularities and uniqueness of cylindrically
symmetric surfaces moving by mean curvature,” Comm. Partial Diff. Eq. 18 (1993)
859.
[32] J.A. Sethian, “The Collapse of a Dumbbell Moving under its Mean Curvature,” in
“Geometric Analysis and Computer Graphics”, eds. P. Concus, R. Finn, D. Hoffman,
Mathematical Sciences Research Institute Publications, Springer-Verlag, 1991.
[33] G. Huisken, “The volume preserving mean curvature flow,” J. Reine Angew. Math.
382 (1987) 35; N. D. Alikakos and A. Freire, “The normalized mean curvature flow
for a small bubble in a Riemannian manifold,” J. Diff. Geom. 64 (2003) 247; M.
Athanassenas, “Behaviour of singularities of the rotationally symmetric, volume-
preserving mean curvature flow,” Calc. Var. 17 (2003) 1.
[34] G. Huisken and T. Ilmanen, “The inverse mean curvature flow and the Riemannian
Penrose inequality,” J. Diff. Geom. 59 (2001) 353; H. Bray, “Proof of the Riemannian
Penrose inequality using the positive mass theorem,” J. Diff. Geom. 59 (2001) 177.
[35] I. Bakas, “Renormalization group flows and continual Lie algebras,” JHEP 0308
(2003) 013 [arXiv:hep-th/0307154].
[36] T. Oliynyk, V. Suneeta and E. Woolgar, “A gradient flow for worldsheet nonlinear
sigma models,” Nucl. Phys. B 739 (2006) 441 [arXiv:hep-th/0510239].
22
